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Explicit rational-exponential solutions for the Kadomtsev-Petviashvili-II equation with a self-consistent source (KPIIESCS) are
studied by the Hirota bilinear method. One typical feature for this hybrid type of solutions is that they contain two arbitrary functions
of time variable 𝑡 which aﬀect the amplitudes and propagation trajectories. The dynamics of solutions are demonstrated by the
three-dimensional ﬁgures. The method used here is quite general and can be applied to other equations with self-content sources.

1. Introduction
The Kadomtsev-Petviashvili (KP) equation with self-consistent sources arose in the pioneering work of Mel’nikov for
describing the interaction of waves on the 푥, 푦 plane [1]. After
that, the study of the KP equation with self-consistent sources
has become a subject of intense investigation [2–11]. For
example, the 𝑁-soliton solution was obtained by the Wronskian
technique [12] and the generalized binary Darboux transformation method [13]. The source generation procedure was
applied to construct and solve a hybrid type of KP equations
with self-consistent sources [14]. The general high-order rogue
waves and lump-type solutions were derived via the Hirota
bilinear method [15–17].
Ablowitz and Satsuma obtained rational solutions of certain nonlinear evolution equations by choosing the phase
constants appropriately and taking the long-way limit [18].
However, the procedure of choosing the phase constants as
deﬁnite singular functions of physical parameters is unknown
and, in fact, is not solvable, even for three- and four-soliton

solutions. Then Johnson and Thompson employed the method
of separation of variables to solve the appropriate scalar
Gelfand–Levitan equation and introduced a new rational-exponential solution (afterwards referred as RE solutions) for
the KP equation [19]. And Pöppe obtained new types of RE
solutions, corresponding to multipe poles in the scattering
data for the hyperbolic sine-Gordon (sG) and Korteweg-de
Vries (KdV) equations using the Fredholm determinant
method [20]. Later, Bezmaternih and Borisov presented a new
approach to the construction of RE solutions for nonlinear
partial diﬀerential equations based on the formal perturbation
theory in Hirota’s bilinear form with another choice of starting
solution [21]. These solutions are the rational functions of
polynomials multiplied by exponents. The proposed procedure was applied to the elliptic sine-Gordon, the Korteweg-de
Vries (KdV), the Kadomtsev-Petviashvili (KP), and the
Landau–Lifshitz (L–L) equations [22].
In our present work, we will construct RE solutions of the
Kadomtsev-Petviashvili-II equation with one source
(KPIIESCS)
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[푢𝑡 + 6푢푢𝑥 + 푢𝑥𝑥𝑥 + 8(훷훹)𝑥 ]𝑥 + 3푢𝑦𝑦 = 0,
훷𝑦 = 훷𝑥𝑥 + 푢훷,
훹𝑦 = −훹𝑥𝑥 − 푢훹,

(1)

based on its Hirota bilinear forms and the method suggested
in [21]. Equation (1) is a member of the KP hierarchy with
self-consistent sources and admits some interesting solutions
[13]. The paper is arranged as follows. We ﬁrst present its bilinear forms in Section 2. Then the representation of RE solutions
which contains two arbitrary functions of one independent
variable is obtained. Furthermore, we will investigate the
dynamic behaviors of the RE solutions. At last, a few concluding remarks will be given in the ﬁnal section.

2. RE Solutions to KPIIESCS
In the following, we shall construct RE solutions of the
KPIIESCS by virtue of the Hirota method.
With the help of the dependent variable transformations
(2)

⋅ 퐹 + 8퐺퐻 = 0,

휕
휕
휕
휕
−
−
) (
)
휕푡 휕푡耠
휕푥 휕푥耠
⋅ 퐺(푥, 푡)퐹(푥耠 , 푡耠 )|푥 =푥,푡 =푡 .

(3)

퐹 = 1 + 퐹(2) 휖2 + 퐹(4) 휖4 + . . . ,
퐺 = 퐺(1) 휖 + 퐺(3) 휖3 + . . . ,
퐻 = 퐻(1) 휖 + 퐻(3) 휖3 + . . . ,

퐻(1) =

1
2

√2(푘1 + 푞1 )훽̇ 1 (푡)푒휉1 −훽1 (푡) ,

√2(푘1 + 푞1 )훽̇ 1 (푡)푒휂1 −훽1 (푡) ,

1√
2(푘1 + 푞1 )훽̇ 1 (푡)푒휉1 −훽1 (푡) ,
2
(푘 − 푘2 ) 휉1 −훽1 (푡)+휉2 +휂2
1
= √2(푘1 + 푞1 )훽̇ 1 (푡) 1
,
푒
2
(푘1 + 푞2 )
1
= √2(푘1 + 푞1 )훽̇ 1 (푡)푒휂1 −훽1 (푡) ,
2
(푞 − 푞2 ) 휂1 −훽1 (푡)+휉2 +휂2
1√
=
,
2(푘1 + 푞1 )훽̇ 1 (푡) 1
푒
2
(푞1 + 푘2 )

퐺(1) =
퐺(3)

퐻(3)

퐹(푗) = 0,

(9)

퐻(푖) = 0, 푖 = 5, 7, . . .

퐹(4) = 퐴 12 푒휉1 +휂1 +휉2 +휂2 −2훽1 (푡) ,

퐴 12 =

(푘1 − 푘2 )(푞1 − 푞2 )
,
(푘1 + 푞2 )(푞1 + 푘2 )

푗 = 6, 8, . . . ,

휉2 = 푘2 푥 + 푘22 푦 − 4푘23 푡 + 휉2(0) ,
휂2 = 푞2 푥 − 푞22 푦 − 4푞23 푡 + 휂2(0) ,

(4)

(10)

and so the two-soliton solution is

(5)

휉1 = 푘1 푥 + 푘12 푦 − 4푘13 푡 + 휉1(0) ,

휂1 = 푞1 푥 − 푞12 푦 − 4푞13 푡 + 휂1(0) ,

(6)

푢 = 2[ln(1 + 푒휉1 +휂1 −2훽1 (푡) + 푒휉2 +휂2 + 퐴 12 푒휉1 +휂1 +휉2 +휂2 −2훽1 (푡) )]푥푥 ,
훷 =
Ψ=

(7)

푒휉1 −훽1 (푡) [1 + (푘1 − 푘2 )/(푘1 + 푞2 )푒휉2 +휂2 ]
1√
,
2(푘1 + 푞1 )훽̇ 1 (푡)
2
1 + 푒휉1 +휂1 −2훽1 (푡) + 푒휉2 +휂2 + 퐴 12 푒휉1 +휂1 +휉2 +휂2 −2훽1 (푡)
푒휂1 −훽1 (푡) [1 + (푞1 − 푞2 )/(푞1 + 푘2 )푒휉2 +휂2 ]
1√
2(푘1 + 푞1 )훽̇ 1 (푡)
.
2
1 + 푒휉1 +휂1 −2훽1 (푡) + 푒휉2 +휂2 + 퐴 12 푒휉1 +휂1 +휉2 +휂2 −2훽1 (푡)

(11)

It appears that by choosing the phase constants as deﬁnite
singular functions of physical parameters and performing an
appropriate limiting procedure, the two-soliton solution
reduces to the simplest RE solution [18]. Here, based on the
RE solutions of the KP equation [21] and the two-soliton solution obtained above, we construct a deﬁnite type of RE solutions for the KPIIESCS as follows

which leads to

퐹(2) = 푒휉1 +휂1 −2훽1 (푡) , 퐹(푗) = 0, 푗 = 4, 6, . . . ,
퐺(푖) = 0, 퐻(푖) = 0, 푖 = 3, 5, . . . ,

휂1 −훽1 (푡)
̇
1 √2(푘1 + 푞1 )훽1 (푡)푒
.
2
1 + 푒휉1 +휂1 −2훽1 (푡)

where

and ﬁnding each coeﬃcient successively and truncating the
expansion at an appropriate ﬁnite order.
For example, assuming that 퐺(1) , 퐻(1) take the form
1
2

(8)

Next, let us discuss the two-soliton solution by choosing

푛

Consequently the soliton solutions of KPIIESCS can be
derived through the standard Hirota’s approach by expanding
퐹, 퐺, 퐻 as the series

퐺(1) =

Ψ=

휉1 −훽1 (푡)
̇
1 √2(푘1 + 푞1 )훽1 (푡)푒
,
2
1 + 푒휉1 +휂1 −2훽1 (푡)

퐹(2) = 푒휉1 +휂1 −2훽1 (푡) + 푒휉2 +휂2 ,

where 𝐷 is the well-known operator deﬁned as in [23]

퐷푡푚 퐷푥푛 퐺 ⋅ 퐹 = (

훷 =

퐺(푖) = 0,

the KPIIESCS can be transformed into the bilinear forms

푚

푢 = 2[ln(1 + 푒휉1 +휂1 −2훽1 (푡) )]푥푥 ,

퐻(1)

푢 = 2(ln퐹)𝑥𝑥 ,
훷 = 𝐺𝐹 ,
훹 = 𝐻𝐹 ,
(퐷푥 퐷푡 + 퐷푥4 + 3퐷푦2 )퐹
(퐷푦 − 퐷푥2 )퐺 ⋅ 퐹 = 0,
(퐷푦 + 퐷푥2 )퐻 ⋅ 퐹 = 0,

where 푘1 (≠ ±푞1 ), 푞1 are arbitrary constants, and 훽1 (푡) is an
arbitrary diﬀerentiable function, we can make the inﬁnite
expansion truncate with a ﬁnite number of terms and get the
exact one-soliton solution

with

퐹 = 1 + 푄(푥, 푦, 푡)푒휉+휂 + 푅(푡)푒2(휉+휂) ,
퐺 = 퐺1 (푥, 푦, 푡)푒휉 + 퐺2 (푡)푒2휉+휂 ,
퐻 = 퐻1 (푥, 푦, 푡)푒휂 + 퐻2 (푡)푒휉+2휂 ,

(12)
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Figure 1: Line-soliton solution of the KPIIESCS for 푡 = 0 and 퐹1 (푡) = 0, 훽(푡) = 퐹2 (푡) = 푡, 푘 = 2, 푞 = −1, 휉0 = 휁0 = 푅0 = 0.
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Figure 2: Mixed RE solution of the KPIIESCS for 푡 = 0 and 퐹1 (푡) = 퐹2 (푡) = 1,

휉 = 푘푥 + 푘2 푦 − 4푘3 푡 − 훽(푡) + 휉(0) ,
휂 = 푞푥 − 푞2 푦 − 4푞3 푡 − 훽(푡) + 휂(0) .

(13)

퐺1 (푥, 푦, 푡) = (푥 + 2푘푦 − 12푘2 푡 + 퐶3 )퐹1 (푡),
퐺2 (푡) = 퐶1 푒
푅(푡) =

푒

2훽(푡)

4훽(푡)

퐹1 (푡),

(푘 + 푞)

2

퐻2 (푡) = 퐶1 푒

2훽(푡)

퐹2 (푡),
푡

0

2
Δ
푄(푥, 푦, 푡) = 퐶1 (푘 + 푞)푒2훽(푡) +
+
,
2훽(푡)
퐶1 (푘 + 푞)푒
퐶1 푒2훽(푡)

훽(푡) = 푡, 푘 = 1/2,

푞 = −1/4,

휉0 = 휁0 = 푅0 = 0.

Δ = (푘 + 푞)푥2 − 4푞푘(푘 + 푞)푦2 + 144푘2 푞2 (푘 + 푞)푡2
+ 2(푘2 − 푞2 )푥푦 − 12(푘2 + 푞2 )(푘 + 푞)푥푡

+ 24푞푘(푘2 − 푞2 )푦푡 + (푘 + 푞)[(퐶2 + 퐶3 )푥

(14)

(15)

+ (푘퐶2 − 푞퐶3 )푦 + (푘2 퐶2 + 푞2 퐶3 )푡 + 퐶2 퐶3 ]

− 2푥 + (푞 − 푘)푦 − (푘2 + 푞2 )푡 − 2퐶2 .

[푅0 푒−4훽0 (푘 + 푞) − 4퐶1 ∫ 퐹1 (푠)퐹2 (푠)푒−2훽(푠) 푑푠],
2

5

15

where

After careful calculations, the substitution of Equation (13)
into Equation (3) yields
퐻1 (푥, 푦, 푡) = (푥 − 2푞푦 − 12푞2 푡 + 퐶2 )퐹2 (푡),

–5

0
y

10

Here 퐶1 , 퐶2 , 퐶3 are arbitrary constants, and 퐹1 (푡), 퐹2 (푡) are two
arbitrary functions provided that all formulas are well deﬁned
and the analyticity of the solutions is guaranteed. This generates a class of general RE solutions to the KPIIESCS equation
in Equation (1) through the transformation of Equation (2).
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Furthermore, this family of solutions contains two arbitrary
functions of time variable 𝑡 and there are a variety of shapes.
If we further set

푒−휁0
, 퐶2 = 퐶3 = 0,
푘 + 푞
1
−휉0
̇
,
퐹1 (푡) = √2(푘 + 푞)훽(푡)푒
2
1
−휁0
̇
,
퐹2 (푡) = √2(푘 + 푞)훽(푡)푒
2
퐶1 =

(16)

we can recreate the mixture of exponential and rational solutions of the KPIIESCS presented in [13].
Moreover, without loss of generality, we can normalize
퐶1 = 1, 퐶2 = 퐶3 = 0 due to the translation and scaling invariance. For illustration, the dynamical features of some RE solutions are shown via three-dimensional ﬁgures.
In Figure 1, we take 퐹1 (푡) = 0, 훽(푡) = 퐹2 (푡) = 푡, 푘 = 2,
푞 = −1, 휉0 = 휁0 = 푅0 = 0, which leads to

퐹 = 1 + 푒푥+3푦−28푡 ,
퐺 = 0,
퐻 = (푥푡 + 2푦푡 − 12푡2 )푒−푥−푦+3푡 + 푡푒2푦−25푡 .

(17)

Under this case, the RE solution reduces to a usual line
one-soliton of the KP equation without source.
Whereas, in Figure 2, we take 퐹1 (푡) = 퐹2 (푡) = 1, 훽(푡) = 푡,
푘 = 1/2, 푞 = −1/4, 휉0 = 휁0 = 푅0 = 0 which results in

퐹 = 1 + (12푥푦 − 30푥푡 − 18푦푡 + (1/4)푒2푡 + 8푥2 − 64푥
−48푦 + 120푡 + 18푡2 + 4푦2 + 256)푒푥/4+3푦/16−39푡/16
+ 32푒푥/2+3푦/8−23푡/8 ,

(18)

퐺 = (푥 + 푦 − 3푡)푒푥/2+푦/4−3푡/2 + 푒3푥/4+7푦/16−31푡/16 ,

퐻 = (푥 + 푦/2 − 3푡/4)푒−푥/4−푦/16−15푡/16 + 푒푦/8−11푡/8 .
In this case, the solution describes a soliton which exhibits both exponential and rational properties. The shape and
motion of the RE solution presents a time-dependent eﬀect.
Indeed, the insertion of a source may cause the variation of
the velocity of a solution, the amplitudes and trajectories
vary with time, and this time dependence is an eﬀect of the
source.

3. Results and Discussion
In this paper, we studied RE solutions to the KPIIESC equation. Several constraint conditions for the existence of such
RE solutions were given. The proposed method here permits
one to obtain RE solutions directly in an explicit form and an
entirely analogous technique can be used to obtain more complicated RE solutions.

Data Availability
The data used to support the ﬁndings of this study are included
within the article.

Conflicts of Interest
The authors declare that there are no conﬂict of interest regarding the publication of this paper.

Acknowledgments
The work was supported in part by NSFC under the Grants
11301454, 11301331, 11371086, 11571079, and 51771083,
NSF under the Grant DMS-1664561, the Natural Science
Foundation for Colleges and Universities in Jiangsu Province
(17KJB110020), Emphasis Foundation of Special Science
Research on Subject Frontiers of CUMT under Grant No.
2017XKZD11, and the Distinguished Professorships by
Shanghai University of Electric Power, China and North-West
University, South Africa. Dr. Su is supported by the Scientiﬁc
Research Funding of Zhanjiang Preschool Education College
with Grant No. ZJYZQN201915. Dr. Yong is also supported by
the 13th Five Year National Key Research and Development
Program of China with Grant No. 2016YFC0401407 and the
Fundamental Research Funds of the Central Universities with
the Grant No. 2019MS050.

References
[1] V. K. Mel’nikov, “On equations for wave interactions,” Letters in
Mathematical Physics, vol. 7, no. 2, pp. 129–136, 1983.
[2] V. K. Mel’nikov, “A direct method for deriving a multi-soliton
solution for the problem of interaction of waves on the x, y
plane,” Communications in Mathematical Physics, vol. 112,
pp. 639–652, 1987.
[3] V. K. Mel’nikov, “Interaction of solitary waves in the system
described by the Kadomtsev-Petviashvili equation with a selfconsistent source,” Communications in Mathematical Physics,
vol. 126, no. 1, pp. 201–215, 1989.
[4] V. K. Mel’nikov, “New method for deriving nonlinear integrable
systems,” Journal of Mathematical Physics, vol. 31, no. 5,
pp. 1106–1113, 1990.
[5] Y. B. Zeng, W. X. Ma, and R. L. Lin, “Integration of the soliton
hierarchy with self-consistent sources,” Journal of Mathematical
Physics, vol. 41, no. 8, pp. 5453–5489, 2001.
[6] X. B. Hu and H. Y. Wang, “Construction of dKP and BKP
equations with self-consistent sources,” Inverse Problems,
vol. 22, no. 5, pp. 1903–1920, 2006.
[7] X. B. Hu and H. Y. Wang, “New type of Kadomtsev-Petviashvili
equation with self-consistent sources and its bilinear Bäcklund
transformation,” Inverse Problems, vol. 23, no. 4, pp. 1433–1444,
2007.
[8] Y. Q. Yao and Y. B. Zeng, “Integrable Rosochatius deformations
of higher-order constrained ﬂows and the soliton hierarchy with
self-consistent sources,” Journal of Physics A: Mathematical and
Theoretical, vol. 41, no. 29, p. 295205, 2008.
[9] Y. Q. Yao, X. J. Liu, and Y. B. Zeng, “A new extended discrete KP
hierarchy and a generalized dressing method,” Journal of Physics
A: Mathematical and Theoretical, vol. 42, no. 45, p. 454026, 2009.
[10] J. Y. Zhu and X. G. Geng, “A hierarchy of coupled evolution
equations with self-consistent sources and the dressing method,”
Journal of Physics A: Mathematical and Theoretical, vol. 46,
no. 3, p. 035204, 2013.

Advances in Mathematical Physics
[11] H. Wang and T. C. Xia, “Conservation laws and self-consistent
sources for a super KN hierarchy,” Applied Mathematics and
Computation, vol. 219, pp. 5458–5464, 2013.
[12] S. F. Deng, D. Y. Chen, and D. J. Zhang, “The multisoliton
solutions of the KP equation with self-consistent sources,”
Journal of the Physical Society of Japan, vol. 72, no. 9,
pp. 2184–2192, 2003.
[13] T. Xiao and Y. B. Zeng, “Generalized Darboux transformations
for the KP equation with self-consistent sources,” Journal
of Physics A: Mathematical and General, vol. 37, no. 28,
pp. 7143–7162, 2004.
[14] H. Y. Wang and X. B. Hu, “A hybrid type of soliton equations
with self-consistent sources: KP and Toda cases,” Journal
of Mathematical Analysis and Applications, vol. 376, no. 2,
pp. 393–406, 2011.
[15] G. Mu and Z. Y. Qin, “Two spatial dimensional N-rogue waves
and their dynamics in Mel’nikov equation,” Nonlinear Analysis:
Real World Applications, vol. 18, pp. 1–13, 2014.
[16] Y. Zhang, Y. B. Sun, and W. Xiang, “The rogue waves of the KP
equation with self-consistent sources,” Applied Mathematics and
Computation, vol. 263, pp. 204–213, 2015.
[17] X. L. Yong, W. X. Ma, Y. H. Huang, and Y. Liu, “Lump solutions
to the Kadomtsev-Petviashvili I equation with a self-consistent
source,” Computers and Mathematics with Applications, vol. 75,
no. 9, pp. 3414–3419, 2018.
[18] M. J. Ablowitz and J. Satsuma, “Solitons and rational solutions of
nonlinear evolution equations,” Journal of Mathematical Physics,
vol. 19, no. 10, pp. 2180–2186, 1978.
[19] R. S. Johnson and S. Thompson, “A solution of the inverse
scattering problem for the Kadomtsev-Petviashvili equation
by the method of separation of variables,” Physics Letters A,
vol. 66, no. 4, pp. 279–281, 1978.
[20] 
C. Poppe, “Construction of solutions of the sine-Gordon
equation by means of fredholm determinants,” Physica D:
Nonlinear Phenomena, vol. 9, no. 1, pp. 103–139, 1983.
[21] G. V. Bezmaternih and A. B. Borisov, “Rational-exponential
solutions of nonlinear equations,” Letters in Mathematical
Physics, vol. 18, no. 1, pp. 1–8, 1989.
[22] G. V. Bezmaternih, “Exact solutions of the sine-Gordon and
Landau–Lifshitz quations: rational-exponential solutions,”
Physics Letters A, vol. 146, no. 9, pp. 492–495, 1990.
[23] R. Hirota, The Direct Method in Soliton Theory, Cambridge
University Press, New York, 2004.

5

